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Some	  Common	  Distribu$ons	

Probability	  
Distribu$ons 

Discrete 

Finite 

Bernoulli	  
and	  Binomial 

Infinite 

Poisson Geometric 

Con$nuous 

Finite 

Uniform 

Infinite 

Normal Exponen$al 
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CONTINUOUS	  DISTRIBUTIONS 
Normal	  distribu$on	  
Exponen$al	  distribu$on	  
Con$nuous	  Uniform	  Distribu$on 
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Average	  Diameter	  of	  1000	  Steel	  Rods	
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Bell-‐Shaped	  Curve	  
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hMp://subsurfwiki.org/wiki/Normal_distribu$on	  



Proper$es	  of	  the	  Normal	  Distribu$on	  	  
•  Con$nuous	  and	  infinite	  
•  Symmetric	  about	  the	  median	  and	  

mean	  
•  Unimodal	  	  
•  Observed	  in	  many	  naturally	  

occurring	  phenomena	  	  
–  height	  and	  blood	  pressure	  
–  lengths	  of	  objects	  produced	  by	  
machines	  

•  Parameterized	  by	  its	  mean	  μ	  and	  
variance	  σ2	  
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hMp://jech.bmj.com/content/60/1/6.full	  



Proper$es	  of	  the	  Normal	  Distribu$on	  	  
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•  About	  68%	  of	  the	  popula$on	  is	  in	  the	  interval	  μ	  ±	  σ	  
•  About	  95%	  of	  the	  popula$on	  is	  in	  the	  interval	  μ	  ±	  2σ	  
•  About	  99.7%	  of	  the	  popula$on	  is	  in	  the	  interval	  μ	  ±	  3σ	  



Example	  –	  Heights	  
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•  How	  likely	  are	  we	  to	  randomly	  sample	  a	  woman	  who	  is	  73	  
inches	  tall?	  	  	  

•  How	  about	  a	  man	  who	  is	  61	  inches	  tall?	  



X	  ~	  Normal(μ,σ2)	
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•  Probability	  density	  func$on	  

•  Mean	  and	  variance	  

f (x) = 1
σ 2π

e−(x−µ )
2 /(2σ 2 )

µX = µ

σ X
2 =σ 2



Normal	  Distribu$on	  –	  Illustra$on	  

•  hMp://www.intmath.com/coun$ng-‐
probability/normal-‐distribu$on-‐graph-‐
interac$ve.php	  

•  Shape	  of	  the	  distribu$on	  (PDF)	  is	  determined	  
by	  the	  parameters	  μ	  and	  σ2	  
– Note	  that	  the	  range	  of	  x	  is	  all	  real	  numbers	  
– Changing	  μ	  shiis	  the	  curve	  lei	  and	  right	  
–  Increasing	  σ2	  flaMens	  the	  curve	  
– Decreasing	  σ2	  makes	  the	  curve	  taller	  and	  narrower	  
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Standard	  Normal	  Distribu$on	
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•  When	  X	  ~	  N(μ,σ2)	  with	  μ	  =	  0	  and	  σ2	  =	  1,	  we	  say	  that	  X	  
comes	  from	  the	  standard	  normal	  distribu8on	  	  

•  We	  can	  standardize	  any	  normally	  distributed	  
random	  variable	  to	  be	  N(0,1)	  by	  subtrac$ng	  its	  mean	  
and	  dividing	  by	  its	  standard	  devia$on:	  

hMp://www.mathsisfun.com/data/standard-‐normal-‐distribu$on.html	  



Z-‐Scores	  

•  If	  X	  ~	  Normal(μ,σ2),	  then	  Z=(x-‐μ)/σ	  ~	  N(0,1)	  
•  The	  ‘z-‐score’	  is	  used	  to	  standardize	  a	  sample	  
to	  the	  standard	  normal	  distribu$on	  

•  It	  represents	  how	  many	  standard	  devia$ons	  
away	  from	  the	  mean	  an	  observa$on	  is	  
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z = x −µ
σ

= "z-score"



Examples	  4.39-‐40	
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Aluminum	  sheets	  used	  to	  make	  beverage	  cans	  have	  a	  
thickness	  (in	  thousandths	  of	  an	  inch)	  that	  are	  normally	  
distributed	  with	  mean	  10	  and	  standard	  devia$on	  1.3	  
	  
•  A	  par$cular	  sheet	  is	  10.8	  thousandths	  of	  an	  inch	  
thick.	  	  Find	  its	  z-‐score	  

•  A	  par$cular	  sheet	  has	  a	  z-‐score	  of	  -‐1.7.	  	  Find	  the	  
thickness	  of	  the	  original	  sheet	  (in	  thousandths	  of	  
inches)	  



Probabili$es	  from	  the	  Normal	  Distribu$on	  
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•  Just	  like	  before	  we	  can	  get	  the	  probability	  that	  
X~N(μ,σ2)	  is	  between	  a	  and	  b	  by	  integra$ng	  the	  density	  
func$on	  between	  a	  and	  b.	  

•  But…	  the	  integral	  involves	  an	  infinite	  series	  and	  needs	  
to	  be	  approximated	  numerically	  



Standard	  Normal	  Table	
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Values	  of	  the	  integral	  P(Z	  <	  z)	  for	  Z~N(0,1)	  are	  pre-‐computed	  for	  
many	  values	  of	  z	  and	  displayed	  in	  a	  table	  in	  the	  front	  cover	  (and	  
appendix)	  of	  your	  text	  

In	  Prac$ce,	  sta$s$cians	  
use	  a	  computer	  program	  
(like	  R)	  to	  evaluate	  the	  
probability	  

	  
	  

P(Z ≤ z) = 1
2π

e−t
2 /2 dt

−∞

z

∫



Example	  4.41	  –	  Using	  the	  Normal	  Table	

16 

Find	  the	  area	  under	  the	  normal	  curve	  to	  the	  lei	  of	  z=0.47	  



Finding	  Center	  Areas/Right	  Tails	  
•  The	  table	  only	  gives	  us	  ‘lei	  tails’:	  the	  probability	  that	  
the	  normal	  RV	  Z	  is	  less	  than	  z	  

•  We	  can	  use	  these	  to	  find	  other	  areas	  since	  for	  a	  
con$nuous	  RV	  X,	  

	   	   	   	   	   	   	   	   	   	   	   	   	   	   	  	  	  	  and	  
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P(a < X < b) = P(X < b)−P(X < a)
P(X > b) =1−P(X < b)



Examples	  4.47-‐49	
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A	  process	  manufactures	  ball	  bearings	  with	  normally	  distributed	  
diameters	  with	  mean	  2.505cm	  and	  sd	  0.008cm.	  	  	  
	  
•  We	  need	  the	  diameter	  to	  be	  in	  the	  interval	  2.5	  ±	  0.01cm.	  What	  

propor$on	  will	  meet	  this	  criteria?	  

•  If	  the	  process	  is	  recalibrated	  so	  that	  the	  mean	  is	  exactly	  2.5cm,	  
what	  propor$on	  will	  meet	  the	  criteria?	  

•  To	  what	  value	  must	  the	  sd	  be	  lowered	  so	  that	  95%	  will	  meet	  
the	  criteria?	  



What	  if	  μ	  and	  σ	  are	  Unknown?	
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•  Es$mate	  the	  mean	  with	  the	  sample	  mean	  

	  
	  
– Bias:	  	  

	  
– Uncertainty:	  
	  

•  Es$mate	  the	  variance	  with	  the	  sample	  variance	  

µ̂ = X

E(X)−µ = µ −µ = 0

σ X =σ / n ≈ s / n

σ̂ 2 = s2



Linear	  Func$ons	  of	  Independent	  	  
Normal	  Random	  Variables	
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•  Let	  X	  ~	  N(μ,σ2)	  and	  let	  a	  and	  b	  be	  constants	  (where	  a	  
is	  nonzero).	  	  Then	  

	  

aX	  +	  b	  ~	  N(aμ	  +	  b,	  a2σ2)	  
	  
•  Generalize	  to	  n	  independent	  normal	  RVs	  X1,…,Xn	  with	  
means	  μ1,…,μn	  and	  variances	  σ21,…,	  σ2n.	  	  Let	  a1,...,an	  be	  
constants.	  	  Then	  	  

a1X1	  +	  …	  +	  anXn	  ~	  N(a1μ1	  +	  …	  +	  anμn,	  	  a21σ21	  +	  …	  +	  a2nσ2n	  )	  
	  



Important	  Linear	  Combina$ons	  
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X ~ N µ,σ
2

n
!

"
#

$

%
&

X +Y ~ N(µX +µY ,  σ X
2 +σ 2

Y )

X −Y ~ N(µX −µY ,  σ X
2 +σ 2

Y )

•  Sample	  Mean:	  

•  Sum	  and	  Difference	  of	  Two	  Normal	  RVs	  



Example	  –	  Exercise	  4.5.21	  

•  A	  light	  fixture	  holds	  two	  bulbs:	  	  
– Type	  A	  with	  normally	  distributed	  life$me,	  mean	  
800	  hrs	  and	  sd	  100	  hrs	  

– Type	  B	  with	  normally	  distributed	  life$me,	  mean	  
900	  hrs	  and	  sd	  150	  hrs	  

•  What	  is	  the	  probability	  that	  bulb	  B	  lasts	  longer	  than	  
bulb	  A?	  
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Next	

	  

Two	  more	  con$nuous	  distribu$ons:	  
• Uniform	  
• Exponen$al	  
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